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I 

It is usually impossible to determine 
the set of force constants for a molecule 
only through vibrational frequencies, 
unless isotopic substitution is made. 
Assumptions have frequently been made 
to reduce the number of unknown con-
stants; one may mention examples of 
central force field, valence force field1)
or Urey-Bradley field2). It is, however, 
possible to use other experimental data 
than vibrational frequencies for obtaining 
the force constants. Wilson and Kivelson3,4) 
showed that the centrifugal distortion con-
stants of asymmetric top molecules can 
be used for the determination of the force 
constants in general force field. However, 
their results on sulfur dioxide)showed a 
discrepancy with those of infrared absorp-
tion spectral)based upon the isotopic sub-
stitution. An experimental error or other 
sources might contribute to this discre-
pancy, so that it is worth while to discuss 
about these points in a simpler system 
such as linear XYZ-type molecules. 
 The linear XYZ-type molecule has three 
fundamental modes: two of them are 
stretching vibrations along the molecular 
axis(parallel vibrations)and the other 
is a degenerate bending mode(perpendi-
cular one). The force constant for the 
latter vibration can be determined by the 
value of frequency alone, but two observed 
frequencies are insufficient to determine 
three force constants associated with the 
former two modes. The centrifugal dis-
tortion constant will give additional in-
formation about the parallel vibrations. 
One may, however, note that there is

another constant available: the l-type 
doubling constant. The Coriolis force 
lifts the degeneracy of the bending 
vibration and the separation between the 
two resulting energy states can accurately 
be measured by the microwave spectro-
scopy6). Since the centrifugal distortion 
and the l-type doubling constants give 
independent information, one can test the 
experimental error or the validity of the 
underlying assumption made in the theory. 
A sum rule is found to be useful for such 
a test. 

II 

 The centrifugal force reduces the effec-
tive rotational constant and hence the 
rotational energy. The quantum me-
chanical expression for the energy decrease 
by centrifugal distortion is given by

(1)

where Px and Py denote angular momentum

operators, μxx and μyy inverses of moment

of inertia, and the superscript e of μ

refers to the equilibrium. Now uss and

μyy can be expanded as power series of

the internal coordinates, ΔRxy and ΔRyz,

but the moment of inertia is usually

defined in terms of Cartesian coordinates

of individual atoms. The Cartesian co-
ordinates of composing atoms are bound 
to each other by the complicated Eckart 
condition, and it is somewhat difficult to 
obtain the expansion of the moment of 
inertia in terms of internal coordinates. 
Hence it is very desirable to derive in 

general a relation between the normal 
coordinates and the Cartesian coordinates. 
The process using the B-matrix has already 
been discussed by the authors.7)The 
relation is given by

 1)G. Herzberg, " Molecular Spectra and Molecular 
Structure," Vol. 11, D. Van Nostrand Co., New York, 
1949. 

 2)H. C. Urey and C. A. Bradley, Phys. Rev. 38, 
1969(1931). 

 3)D. Kivelson and E. B. Wilson, Jr., J. Chem. Phys . 
20 1575(1952); 21, 1229(1953), 

 4)D. Kivelson, ibid. 22, 904(1954); L. Pierce, ibid. 
24, 139(1956). 

 5)S. Polo and M. K. Wilson, ibid. 22, 900(1954).

 6)R. G. Shulman and C. H. Townes, Phys. Rev. 77, 
421(1950). 

 7)Y. Morino and E. Hirota, J. Chem. Phys. 23, 737 
(1955).
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(2a)

(2b).

where X and Q denote the Cartesian co-
ordinates and the normal coordinates 
matrices. L-1 is easily replaced by L 
through the relation LL'=G, or L-1=L'G-1. 
[Cf. Eq. 201

 The expression of the B-matrix is par-
ticularly simple in the present case; then 
it sufficices to consider only the Cartesian 
coordinates along the molecular axis 
(z-axis):

(3)

Hence Eq. 2b becomes

(4)

The moment of inertia Ixx is given by

(5)

where yi=Δyiand zi=zei+Δzi, The same

expression holds for Iyy. Thus the inverse

of the moment of inertia μxx=1/Ixx becomes

(6)

where the equilibrium positions of in-
dividual atoms zei(can readily be calculated

(7a)

(7b)

and

(7c)

If one uses the relations Eqs. 4 and 7 
in Eq. 6 the expansion of the inverse 
of the moment of inertia in normal co-
ordinates is obtained:*

(8)
a and b are constants including the force 

constants and given by

(9a)

and

(9b)

and between them there exists a useful 

relation noted by Nielsen:8)

(10)

When Eq. 8 is inserted into Eq. 1 and 
terms of the order of Q2i are neglected,

(11)

when the average of this term is taken 
over the vibrational state(V1, V'2, V3), the 
first order energy(V1V'2V3 |HD| V1V2'23)is 
equal to zero, but the second order per-
turbation gives

(12)
Here Be=h2l/2Iexx is the equilibrium rota-
tional constant, and ν1 and ν3 are vibra-

tional frequencies. Thus the centrifugal

distortion constant De is given by

(13)

 The l-type doubling originates from the 
fact that the Coriolis interaction lifts the 
degeneracy of the bending vibration. This 
effect corresponds to an operator:9)

(14)
where

* μxy is equal to zero . It is to be noted thatμrx and

μyy are independent of the bending coordinates, Q2x

and Q2y.(Cf. ref.9)

 8)H. H. Nielsen, Revs. Modern Phys. 23, 90(1951). 
 9)E. B. Wilson, Jr., and J. B. Howard, J. Chem. Phys. 

4, 260(1936).



May, 1958] The Centrifugal-Distortion 'and the i-Type Doubling Constants in Linear 
XYZ-Type Molecules. The Determination of Force Field by These Constants

 425

(15a)
and

(15b)

px and py, vibrational angular momenta, 
a ra

(16a)

and

(16b)

respectively. The determinant of(μxx),

μ,is simply μ2xx,1)because,μxx=μyy and

μxy=0.Since direct calculation shows that

the second and the third term of Eq.15

cancel each other, Eq.14 becomes

(17)

where μxx is approximated by(Iexx)-1[see

Eq. 8]. For taking average of Eq. 17, 
it must be noted that Q2x and Q2y belong 
to a degenerate state, and hence the per-
turbation theory for a degenerate case 
should be applied. Here the first order 
perturbation energy also vanishes while 
the second order one is finite. When the 
two degenerate states are designated by 
(V11+1V3)and(V1l-1V3),** according to their 
positive and negative angular momenta 
along the molecular axis, only an element 
(V11+1V3|V11-V3)plays an essential role 
for the separation of these states: it is 
calculated as follows:

(18)

Here V'1=V,±1, V'3=V3±1, and V'z=0° and

20.Thus the l-type doubling constant qe

is given by

(19)

 Eqs. 13 and 19 for the centrifugal 
distortion and for the l-type doubling 
constant coincide with those given by 
Nielsen and others8.10,11)though they are 
derived in slightly different manners. 

III 

 Now the force constants to be obtained 
are implicitly included in the L-matrices 
and accordingly in the constants a2 and 
b2 defined by Eq. 9. On the other hand 
a2 and b2 are connected to each other by 
the sum rule, Eq. 10, and are given by 
the two observables, De and qe, through 
Eqs. 13 and 19. Two of the three equa-
tions may be used for determining a2 
and b2, and the other is available for 
testing possible errors in De and qe or for 
confirming the approximation made in 
deriving Eqs. 13 and 19; that is the 
harmonic approximation. Table I gives 
the results of such calculations on several 
linear molecules of the XYZ-type. Some 
molecules, such as chlorine cyanide(CICN)
give reasonable values for a2 and b2, but 
others do not. One of the most definite in-
consistency is the case of iodine cyanide; 
its De is probably in a considerable error. 
 De is really a correction term for the 
rotational energy and hence it cannot be 
obtained very accurately. On the other 
hand the measurement of qe is easier, 
particularly in cases when the direct 
transition is possible to be observed as 
in hydrogen cyanide(HCN).6)*** Since in 
Eq. 19 the second and the third term of qe 
are useful in the calculation of the force 
constants and they are only about twenty 
percent of the total q, the error of qe is 
exaggerated about six times in a2 and b2_ 
 According to Eq. 9, b2(or a2)thus 
determined gives a relation between L11 
and L31(or between L13 and L33). In ad-
dition to this, another relation LL'=G, i.e.

(20)

determines the L-matrix, which gives the 
F-matrix by the relation F=(L-1)'AL-1. 
Though the signs of the L-elements are 
not fixed in solving Eqs. 20, it does not

** Only V2=1 state is interested here so thatl=±1 .

10)G. Herzberg, Revs. Modern Phys. 14, 219(1942)
11)A. H. Nielsen, J. Chem. Phys. 11, 160(1943).

*** Recently direct I-type doubling transitions in CICN 

were observed by L. Yarmus,(Phys. Rev. 105, 928 

(1957)).
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TABLE I 

a2 AND b2, AND EXPERIMENTAL DATA NECESSARY TO CALCULATE THEM.

a)G. Herzberg, " Molecular Spectra and Molecular Structure ", p. 174. 
 b)C. A. Burrus and W. Gordy, Phys. Rev. 101, 599(1956). 
c)W. Gordy, W. V. Smith, and R. Trambarulo, " Microwave Spectroscopy ", Table A4. 
 d)A. Miyahara, H. Hirakawa, and K. Shimoda, J. Phys. Soc. Japan, 11, 335(1956). 

Values of b2 with underline are used to calculate force constants.

 TABLE II 
FORCE CONSTANTS.(105 dynes/cm)

 a)G. Herzberg, " Molecular Spectra and Molecular Structure", p. 174 
 b)H. C. Allen, Jr., E. D. Tidwell and E. K. Plyler, J. Chem. Phys. 25, 302(1956)

(HCN); W. S. Richardson and E. B. Wilson, Jr., ibid. 18, 155, 694(1950).(CICN, N2O).

influence the resulting F-matrix, and other 
solutions than those in Table II are not 
physically reasonable and can readily be 
rejected. 

 It must be noted that in the calculation 
described above 'v0i and Bo are respectively 
used instead of the quantities vei and Be 
which should be used in the rigorous sense. 

IV 

In Table II the values of the force con-
stants thus determined are compared with 
those from other sources, so far as avail-
able. The constants cited in Herzberg's 
book')are of central field type, the cross 
term being ignored. The diagonal terms 
show a little difference from the present 
,ones. Richardson and Wilson12)used

isotopic molecules, 35Cl13CN and 15N14NO, 
to obtain the three force force constants 
for chlorine cyanide and nitrous oxide. 
As was stated by them, the cross term 
F' plays an important role for nitrous 
oxide molecule: if one uses only two con-
stants, FXY and FYZ to explain the observed

v01 and v03 (rather than the zeroth order

ve1 and ve3), then imaginary constants are

resulted. They arrived at well-defined

sets of force constants: FXY=17.88±0.7,

FYZ=11.39±0.3, and F'=1.36±0.3, which

are in close agreement with the values 
obtained above: FXY=18.34, FYZ=11.06, and 
F'=1.63. The substitution of 13C for 12C 
was found to be rather ineffective for 
determining the force constants of chlorine 
cyanide, so that only allowed ranges were 
reported for the three constants: FXY=4.7
～5.0,FYZ=16.8～18.2 , and.F'0～1, which

12)W. S. Richardson and E. B. Wilson, Jr., J. Chem. 
Phys. 18, 155, 694(1950).
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are favorably compared with ours: FXY=
4.74, FYZ=18.35, and F'=1.31. 

For hydrogen cyanide molecules, a rather 
complete analysis of vibration-rotation 
interaction was carried out together with 
that of DCN,13.14)so that much more 
accurate values of force constants are 
available. As the 1-type splitting is large 
for this molecule, it is possible to measure 
by the microwave spectroscopy15)a direct 
transition between these doublets. With 
these data much more reliable values are 
expected in this molecule than in chlorine 
cyanide and nitrous oxide. However, the 
comparison made in Table II shows that 
the agreement for hydrogen cyanide is 
not better than those for chlorine cyanide 
and nitrous oxide. One of the reasons 
for this discrepancy may be considered
to be the use of v01;rather than vei in
obtaining b2. In fact, if vei is used(ve1=
2127.63cm-1,ve3=3442.81cm-1 for hydrogen
cyanide and ve1=1953.18cm-1, ve3=2702.94
cm-1 for DCN)14), b2 changes to 0.8368(qe
is used), but FXY=6.65, FYZ=18.22, and
F'=2.25,thus the agreement of.F'becomes
worse. 

 If conversely the l-type doubling con-
stant and the centrifugal distortion con-
stant are calculated by using the force 
constants given in reference 14, they are 
215.68 Mc and 0.08406 Mc, respectively, 
which are compared with the observed, 
224.478 Mc15)and 0.9040 Mc.16)These dif-
ferences(8.80 Mc or 3.9% for the l-type 
doubling constant and 0.00634 Mc or 7.0% 
for the centrifugal distortion constant)

are definitely larger than the errors 
involved in the observed values. The 
higher order effects such as anharmonicity 
of vibrations or higher terms in the ex-

pansion of μxx can produce this order of

discrepancy for the two constants. Ac-

cording to the measurement of Douglas

and Sharma13)a/B is about 0.007 andωxe/

ωe about  0.015. aex re in for the

higher order effect has been given only 
for the centrifugal distortion constant of 
diatomic molecule, but for polyatomic 
molecules it would be too complicated to 
be calculated exactly. One way to avoid 
the difficulty is to use in Eas_ 13 and
19 B0 instead of BP and v0; for vei: the

l-type doubling constant of hydrogen 
cyanide increases to 221.45 Mc and the 
centrifugal distortion constant to 0.08722 
Mc, though an exact agreement is not 
obtained. 
 For molecules including no hydrogen 

atom these higher order effects are not
very critical, a/B and ωexe/ωe being smaller

(e.g. α/B of chlorine cyanide is 0.0027).

Fairly good coincidence obtained for cases 
of chlorine cyanide and nitrous oxide can, 
therefore, be understood.

Note added in proof. 
 Recently Wilson gave an expression for 
the centrifugal distortion constant of linear 
molecules. [E. Bright Wilson, Jr., J. Chem. 
Phys. 27, 986(1957)] The result obtained 
in the present paper [Eq. 13] can be 
shown to be in complete agreement with 
his formula, by some minor transfor-
mations. 
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13)A. E. Douglas and D. Sharma, ibid. 21, 448(1953). 
 14)H. C. Allen, Jr., E. D. Tidwell and E. K. Plyler, 
ibid. 25, 302(1956). 
 15)See, for example, A. Miyahara, H. Hirakawa and 
K. Shimoda, J. Phys. Soc. Japan, 11, 335(1956). 

16)C. A. Burros and W. Gordy, Phys. Rev. 101, 599 
(1956).


